k-Step Sum and m-Step Gap Fibonacci Sequence

Definition: For the integers k=1,2,..., m=0,1,..., we define the k-step sum and m-
step gap Fibonacci sequence {fn("'m’, n :1,2,...} , whose n-th term is given by the

recurrence relation
k
fn = fn—m—l + fn—m—2 tee-t fn—m—(k—l) + fn—m—k = Z fn—m—j ’ for every nz k +Mm +1
j=1
with

f=..=f,, =1.

k+m

This recurrence formula generates the n-th term of the sequence as the sum of k

successive previous terms starting the sum at the m-th previous term.
Comments :

e For k=1 and m=0,1,..., all the terms of the 1-step sum and m-step gap

(1,m)
n

Fibonacci sequence {f , N =1,2,...} are equal to one.

e The k-step sum and m-step gap Fibonacci sequence {fn(k'm), n:1,2,...} gives
known sequences for various values of the steps k,m:
v for k=2, m=0, {fn‘z'o), n:1,2,...} gives the well-known Fibonacci
sequence, 1,1,2,3,5,8,13,... [3, A000045].
v for k=3, m=0, {fn(S'O), n:1,2,...} is the tribonacci sequence,

1,1,1,3,5,9,17,31,... [3, A000213].

v for k=4, m=0, the 4-step sum and O-step gap Fibonacci sequence
{19, n=12,.} isthe tetranacci sequence, 1,1,1,1,4,7,13,25,... [3, A000288].
v for k=2, m=1, the 2-step sum and 1-step gap Fibonacci sequence
{fn(“), n:1,2,...} gives the Padovan sequence, 1,1,1,2,2,3,45,79,... [3,

A000931].



n

e The k-step sum and m-step gap Fibonacci sequence {f("'m), n:1,2,...} is

associated with the (k+m)x(k+m) matrix:

0 ... 0 1 .. 1
1 0
F F 0 1 0
o[ F)-
3 4 :
0 - 0 1 0

where the first row consists of the vector-matrices F,,F,; the m entries of the 1xm
vector F, are equal to zero and the rest k entries of the 1xk vector F, are equal to
one; the (k+m-1)x(k+m—1) matrix F, is the identity matrix and the k+m-1

entries of the (k + m — 1) x 1 vector F, are equal to zero.

e The (k+m)th degree characteristic polynomial x(4) of F_ is given by
Kk
X(l) — ik+m _Z/lk—i '
i=1

e For the fixed integers k, m, with k > 2, m > 0, the positive numbers f_ satisfy the

following limit properties:
N
v lim=et = p(F )

volimyf = p(F )

where p(F, ) isthe spectral radius of F  with 1< p(F ) <2.
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